AN INTRODUCTION
TO GE()METRIC
~ ALGEBRA AND

GE()METRIC

- CALCULUS
M/./ D. TAYLR




An Introduction to Geometric Algebra and
Geometric Calculus

M. D. Taylor
Professor Emeritus
Department of Mathematics
University of Central Florida
Orlando, FL 32816
E-mail: taylorseries77 @gmail.com



ii

Copyright (©)2021
Michael D. Taylor



Contents

Preface

1 A little orientation

1.1  Things it would be well to know beforehand . . . . . . . .. ... ..

1.2 Notations and conventions
1.3 A word about presentation of proofs
1.4 Matrices and determinants

2 Maps and manifolds

2.1 Opensets,closedsets . . . . . ... ... . .

2.2 Differentiability and the chain rule

23 Manifolds . . .. ...
2.3.1 Hyperplanes . . .. . .. ... ..

2.3.2  The half-space H"
2.3.3 Parallelepipeds and simplexes

234 Cells . .. o e
2.3.5 Manifolds, charts, and tangent vectors . . . . . . .. .. ...

3 Simple k-vectors

3.1 Volume . . .. . .. e e o
3.2 Orientation . . . . . . . . . . . e

3.3 Definition of a simple k-vector

3.4 Operations with simple k-vectors

3.4.1 Scalar multiplication

342 Reversion . . . . ... o
343 Dotproduct . . . . ..o e
344 Linear transformations acting on simple k-vectors . . . . . . .

3.4.5 Wedge product

4 AFR" and some applications
4.1 The space of k-vectors

4.2 The dot product of arbitrary k-vectors

4.3 The wedge product of arbitrary k-vectors . . . . . .. ... ... ..
4.4 Oriented hyperplanes, blades, and angles . . . . . .. ... ... ...

iii

vii

N NN —

10
16
16
17
18
21
23

33
34
37
39
42
42
46
47
49
50



iv

7

4.5
4.6

Tangent blades and oriented manifolds . . . . . . ... ..

Integration over manifolds
4.6.1

4.6.2  Integrals over manifolds

The geometric algebra G"

5.1
5.2

53
54
5.5

5.6

5.7
5.8

G"asavectorspace . . . . . . .. ..ee

Construction of the geometric product
5.2.1 Proper transformations of multi-indices
5.2.2 The geometric product
523
Reversion and the wedge product in G”
Division by multivectors

5.5.1 ~ The scalar product
5.5.2 Three variations on a theme

Reciprocal frames . . . . . . ... ... ... ... ...

5.6.1 / Construction and properties of reciprocal frames
5.6.2  Adjoint linear transformations
Outermorphisms and innermorphisms
Projections, angles, and orthogonality

The Fundamental Theorem

6.1

6.2

6.3

6.4
6.5

The geometric derivative
6.1.1 Directional derivatives
6.1.2 Directional derivatives and coordinates
6.1.3 A reciprocal frames result
6.1.4 Geometric derivatives; definitions and properties
Change of a multivector field over a cell
6.2.1 Change; the familiar story
6.2.2 Change of f over a cell; the general case
6.2.3 Rate of change
Induced orientation

6.3.1 A classical example; the right-handrule . . . . . .
6.3.2 Induced orientation on the unitcube . . . . . . . .
6.3.3 Induced orientation on the boundary of acell . . .

Oriented integrals . . . . . ... ... .. ... ......

The Fundamental Theorem of geometric calculus
6.5.1 Some applications
6.5.2 Statement and proof of the Fundamental Theorem

Miscellaneous topics

7.1

Linear systems and simplexes . . . . . .. ... ... ...

7.1.1 Systems of linear equations
7.1.2  Simplexes and geometric algebra
7.1.3 Barycentric coordinates

The change-of-variables formula . . . . . ... ..

Fundamental properties of G(V) and G" . . . . . .
The dotproductin G™ . . . .. .. ... ... ...

CONTENTS



CONTENTS

7.2  Geometric derivatives again . . . . . ... ... ..
7.2.1  Orthogonal projection onto a manifold . . .
7.2.2  Derivatives, submanifolds, and coordinate changes . . . . . .
7.2.3 A “shrinking”result . .. ... ... ...
7.2.4 Curl and divergence . . . . .. ... ...
7.2.5 Some geometric derivatives . . . ... ..
7.3 A taste of analysis and geometry . . . ... . ...
7.3.1  An alternate form of the Fundamental Theorem . . . . . . . .
7.3.2 Some intuition about divergence and curl .
7.3.3 Mean curvature and the spur . . . . . . ..
74 Complexanalysis . . . .. ... ..........
74.1 Complex numbers and quaternions . . . . .
7.42 Translations between Cand G> . . . . . .
743 Derivatives . . . ... ... ...
7.4.4  Lineintegrals . . . . . ... ... .....
7.4.5 Handwavingand annuli . . ... ... ..
7.4.6 Spheres and the functionG . . . . . . . ..
7.4.77  The Clifford-Cauchy integral formula . . .
7.4.8  The Cauchy integral formula . . . . .. ..
7.4.9 The fundamental theorem of algebra . . . .
7.5 Differential forms . . . . ... ... ...,
7.5.1 What shall we mean by a differential form?
7.5.2 The exterior derivative . . . .. ... ...
7.5.3 Integrals of differential forms . . . .. ..
7.5.4 The generalized Stokes theorem . . . . ..
7.6 Thenormalidentity . . . .. ... ... ......
7.6.1 The idea of the normal identity . . . . . . .
7.6.2 Properties . .. . ... ... ...
7.6.3 Applications . . ... ... ... . ....
Appendices
A Proofs
A.l Manifolds . . .. ... ... .. L
A2 Simple k-vectors . . . .. ... L. ...
A.3 The wedge product for arbitrary k-vectors . . . . .
A.4 Integrals over manifolds . . ... ... ... ...
A.5 Geometricalgebra. . . . .. ... ... ... ..
A.6 Induced orientation . . . .. ... ... .. .. ..
A.7 Rate of change of orientation . . . . . . . ... ..
A.8 Thenormalidentity . . ... ... .........

B Some Answers and Hints

Bibliography

185
185
186
191
194
200
208
208
210
212
217
217
218
219
223
225
228
230
232
233
236
236
237
241
244
246
246
248
249

253

255
255
256
263
266
268
273
276
279

283

297



vi CONTENTS

Index 299



Preface

An important tool for would-be mathematicians (and some other disciplines) is a
knowledge of multivariable analysis. This has two major aspects, the analytical € —
6 side and the algebraic-geometric. There is a strong feeling in the mathematical
community that the “right” way to master multivariable analysis ought to revolve about
differential forms on manifolds. (This is on the algebraic-geometric side.)

Unfortunately, despite many excellent texts, such as [4], [13], and [25], the theory
of differential forms has not succeeded in embedding itself in the consciousness of
mathematicians and users of mathematics in the way that, say, linear algebra or differen-
tial equations has, nor in a way that would seem merited by its excellent properties and
sophistication. (Exceptions to this can be found in subcommunities such as differential
geometry or theoretical mathematical physics.)

This brings us to a second topic: geometric algebra. This concept grows from the
work of H. Grassmann and W. K. Clifford (see [16, 5]) and is perhaps more properly
thought of as being Clifford algebra in a particular setting. There is a vigorous, yet not
widely visible, movement in the mathematical physics community to adopt geometric
algebra and its attendant analytical machinery as the standard tool kit for analysis on
manifolds. The great exponent of the movement over many years has been David
Hestenes, and the book Clifford Algebra to Geometric Calculus, [22], by Hestenes and
his colleague Garret Sobczyk, can appropriately be described as the “Bible” of the
movement.

Hestenes is quite clear in his belief that geometric algebra (or, more precisely,
geometric calculus or geometric function theory) is at least as powerful as differential
form theory. Actually he says more than that; in [21], for example, we find, “I invite you,
instead, to join me in proclaiming that Geometric Algebra is no less than a universal
mathematical language for precisely expressing and reasoning with geometric concepts.”
The breadth and depth of his claims is impressive. A good summary of them can be
found in [18, 20], while the evidence to support them is on display in [22].

Nor is his a lone voice in claiming a tremendous breadth, power, and potential
importance for the machinery of geometric algebra and geometric calculus. Dorst
et al., in Geometric Algebra for Computer Science, [9], say, “Geometric algebra is a
powerful and practical framework for the representation and solution of geometrical
problems. We believe it to be eminently suitable to those subfields of computer science
in which such issues occur: computer graphics, robotics, and computer vision.” From
Doran and Lasenby, Geometric Algebra for Physicists, [8], with regard to mathematical
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tools for physics, we hear that “In this book we describe what we believe to be the
most powerful available mathematical system developed to date.” From Abtamowicz
and Sobczyk’s Lectures on Clifford (Geometric) Algebras, [1], we hear that, “Clifford
(geometric) algebra offers a unified algebraic framework for the direct expression of
the geometric ideas underlying the great mathematical theories of linear and multilinear
algebra, projective and affine geometries, and differential geometry.” And John Snygg,
in A New Approach to Differential Geometry Using Geometric Algebra, [41], proclaims
that, “The fact that Clifford algebra (otherwise known as “‘geometric algebra”) is not
deeply embedded in our current curriculum is an accident of history.”

However writings on geometric algebra and geometric calculus at an introductory
level are still in a process of being developed. Alan Macdonald has a particularly useful
introduction and survey [33]. Macdonald has also brought out two books, [31, 32], that
are suitable for undergraduates at the freshman, sophmore level. There is a text by Doran
and Lasneby, [8], that is aimed more at the physics student than the mathematician or
the general potential user of geometric algebra. The book [9] is targeted at computer
scientists and provides a panoramic view of how to apply geometric algebra to various
geometries. Garret Sobczyk’s [42] approaches geometric algebra as an extension of
the number concept. John Snygg, in [41], offers a serious attempt to use geometric
algebra and geometric calculus as a tool in developing differential geometry. Two other
offerings on the internet are [46] and the extensive notes [3].

There have been efforts to develop software for computation with geometric al-
gebra and many examples can be turned up by simply running the phrase geometric
algebra software on a search engine. Or a good list can be found at the website
Geometric Algebra Software - Geometric Algebra Explorer with URL https://ga-
explorer.netlify.com/index.php/ga-software/.

The purpose of these notes is to provide a limited exposure to the ideas of geometric
algebra/calculus and to simultaneously use them as a vehicle to introduce the reader
to some of the important concepts of multivariable analysis. (The emphasis here is on
the geometric-algebraic side, and we do very little with € — § arguments.) Our target
audience is mathematics students with the hope that they will also be accessible to a
larger group, for example, physics, engineering, computer science students, etc. The
required preparation is linear algebra, multivariable calculus from a decent introductory
calculus course, and, of course, a modicum of mathematical sophistication.

Here are two interesting aspects of this enterprise:

This approach to multivariable analysis can be carried out in an unusually geomet-
rical and physical way. That is, the machinery lends itself well to visualization and
intuition, even in a higher-dimensional setting. In connection with that, an important
genesis of these notes was the article [27] in The American Mathematical Monthly in
which the idea of equivalence classes of oriented parallelepipeds is used to motivate
and construct the space of k-vectors AKR” and the wedge product.

The second aspect is that the level of abstraction seems to be less high than is usually
required for studying similar concepts. That may be partially because we have chosen
to restrict ourselves to R” equipped with the standard inner product of Euclidean space
rather than dealing with more general Riemannian or pseudo-Riemannian manifolds.
Let the reader judge for himself or herself the truth of these impressions.
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Chapter 1

A little orientation

1.1 Things it would be well to know beforehand

Here is a somewhat more detailed list of the preparation one should have to read these
notes.

Vector space axioms (over R).

Linear independence, linear dependence, basis, dimension.
Linear transformation; representation as matrix.
Determinant; connection with independence.

R™ as a vector space.

Distance formula; magnitude of a vector.

Dot product in R”.
a-b=al |b| cos® =YY" | ab.
Orthogonality.

Orthonormal basis.

Gram-Schmidt orthogonalization process.

Schwarz inequality.

Orthogonal transformation; rotation.

Lines, planes, (n — 1)-dimensional analogues in R"; geometric significance of the
equation

ar(x—p)=0 where a,x,p € R".

Chain rule for partial derivatives of multivariable functions.

The chain rule as matrix multiplication.

Tangent vectors to curves.

The directional derivative.

The gradient and its significance in terms of rate of increase.

How to set up multivariate integrals as iterated integrals over simple regions.

1



2 CHAPTER 1. A LITTLE ORIENTATION

1.2 Notations and conventions

We shall try to follow these conventions:
R is the real numbers.
R” is the set of ordered n-tuples of real numbers.
R*"=R x--- xR n times.

J is the unit interval {0, 1].
J" is the n-dimensional unit cube J x --- x J.
Real numbers (scalars): Greek — o, 3, etc.
Vectors, multivectors: Lower case Roman — a, b, x, etc.
Points, matrices: Upper case Roman — A, B, X, etc.

We shall take the standard basis of R" to be {ey,...,e,} where

€1 = (1,0,0,...,0)7
e2=(0,1,0,...,0),

e, = (0,0,...,0,1).

In IR? one often sees the standard basis vectors ey, e;,e3 denoted i, j, k respectively.

1.3 A word about presentation of proofs

Although we try to give a careful discussion of concepts and the logic behind them,
there is a tendency in the first six chapters to move longer proofs to Appendix A. This is
partly to keep things moving, partly because we wish to stress conceptual understanding
over an examination of details.

Exceptions to this strategy occur when we spell out the construction of the geometric
product and when we present the proof of the fundamental theorem of geometric
calculus. Also, once we have gotten into Chapter 7, we tend to present the details of the
proofs in all their messy glory.

1.4 Matrices and determinants

In all that follows, we restrict ourselves to vectors in R” and make essential use of the
dot product: Recall that if a,b € R" with a = (¢y,...,a,) and b = (B1,...,B,), then
ab=aoBi+-+ ..

It will frequently be useful to talk about an n X k matrix A = (ay,...,a;) where
each a; € R". The matrix entries are not really specified without first giving a basis
for the space. Thus, if we have in mind the basis {f,..., f,} for R” and we can write
a; = 04 f1+- -+ oy f, for each i, then we mean the matrix

o O ... Ok

Oy Opy ... Oy
A= (al,...,ak) = . . . . (11)

Oy Oy ... Oy
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In (1.1) we have written A as (ay,...,a;) and we can think of each a; as a column
vector or column matrix,
(2911
a; = :
Opi

where the particular basis we are using, namely {f;}? |, is in the back of our mind.
Sometimes we want to write matrices in terms of row vectors. If, for example, we wrote
the transpose of A, we might well put down

a1 o1 O ... Oy

AT ) Ol O ... Op
a : : :

Oy O ... Oy

It is often convenient to use a basis {fi,..., f,} for R"” having the property that

{f1,---,fi} is a basis for span{ay,...,a;}, in which case
o1 ik
O ... Ok
A*(ala aak)* 0 0
0 0

We may then talk about the matrix

o ... Ok
Al =
Ok --. Ok
associated with the vector subspace span{aj,...,a}, and, by an abuse of notation, we
write A’ = (ay,...,a;) even though A and A’ are different size matrices.

We will usually write our matrices with respect to orthonormal bases because
of an important connection between matrix multiplication and the dot product: If
A= (ai,...,a;) and B = (by,...,by), where each a; and b; belongs to R”, and the
matrices are specified with respect to an orthonormal basis for R”, then

b] bl-al b] Ay
BA=|:|(a..a) = : : (1.2)

by bpay ... bpeay
where BT is, of course, the transpose of the m x k matrix B. A nice feature of this last

matrix is that it is independent of the choice of basis. We also feel free to write it as
BTA = (bi-aj) or (b,--aj)mxk.
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We give exercises that establish (1.2) in detail.

The reader is also asked to establish in the exercises the useful fact that if either
{ai,...,ax} or {by,..., by} is linearly dependent, then det(a;+b;) = 0. Because of this,
later on in these notes, it sometimes makes sense to only deal with the case where
{ai,...,a;} and {by,...,b;} are sets of linearly independent vectors.

We usually treat the determinant in R” as function of n vectors. Thus we write
det(ay,...,a,) where we may imagine we are dealing with the n X n matrix A =
(ay ... ay,) in which each g; is a (column) vector. We recall from linear algebra the
useful fact that the following properties completely characterize the determinant:

1. det(eg,...,e,)=1.
2. det(ay,...,ay) is linear in each variable a;.

3. If we switch any two of the vectors a;, then the determinant changes sign. For
example,

det(ay,az,as,...,a,) = —det(az,ai,as,...,a,).
4. If i # jand A is a scalar, then

det(ai,...,ai—1,a;i+Aaj,aiy1,...,a,) = det(ay,...,ai—1,a;,ait1,...,0an).

(One can easily check these properties on 2 x 2 matrices.) It will also be convenient to
keep in mind that det(A) = det(A”) for any square matrix A.

Exercises 1.4.

1. We let a;,as € R3 be the vectors

a; = Sey+ey—bes
a; — 36‘1—56‘3,

and we construct a new basis for R3,

fi = e1+exy—2e3
fr=e—e

f3 = e3.
Set

A = (alaz) = 1 =5
-6 0

in terms of the standard basis. Now find A’ = (a; ap) in terms of f1, />, f3.

2. Suppose that {u1,...,u,} is an orthonormal basis for R".
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(a) Show that
n
Z ej-u;j)(ex-uj) = Oy (Kronecker’s delta).

(Hint: Expand e; in terms of u; and vice versa.)

(b) Suppose that a,b € R" and that we have expanded them in terms of both
{ei}iz) and {u;}_:

def.

We know that a-b =Y | o; B;. Show that
n n
Y oiBi =Y %é
i=1 i=1
(¢) We choose two sets of vectors from R": ay,...,a; and by,...,b,,. Let us

form the n x k and n x m matrices A = (a; ---a;) and B = (b; - - - b,,) where
the entries for a; and b; come from their expansions in terms of e. Next let
us form the matrices A’ = (a; ---a;) and B’ = (b; - - - b,,) where the entries
now come from the expansions of the vectors in terms of #;. Show that
BTA=B"A"

3. Show that if {ay,...,a;} or {by,... by} is linearly dependent, it follows that
det(ai-bj) =0.



