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Abstract

We develop some of the elementary aspects of analysis on €" man-
ifolds embedded in R", keeping in mind that the differential structure
of such manifolds must be compatible with or inherited from that of
R™. The aim of this paper is to provide those working in geometric
algebra and geometric calculus with relatively rigorous derivations of
basic properties of manifolds in such a setting. It is found convenient
to construct a slightly extended version of manifold, one which includes
corners, and a concept of the identity function on the manifold which
takes account of the manifold’s embedding in R".
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1 Introduction

The inspiration for this paper is the growing field of geometric algebra and
geometric calculus. (For example, [1, 3, 9, 20].) Two reasons for interest in
this area are the facts that, on the one hand, there is a strong opinion from
certain quarters (|6] and [7]) that this machinery ought to be the standard
and unified way to present a great deal of mathematics (linear algebra, vector
analysis, complex analysis, differential geometry, etc.), and, on the other
hand, the presentation is, in some sense, more elementary and accessible
than in standard approaches.

We are concerned in this paper with the setting for geometric calculus,
and it should be understood that manifolds in this setting are (generally) in
some R™ and inherit the inner product of R”. Thus we are concerned with
Riemannian manifolds. It seems there are some problems with the way that
setting is handled in geometric calculus.



Broadly speaking, there are at least two paths one can take to devolop
the theory of the manifolds. On the first of these paths—the standard one
in the mathematical literature—manifolds are taken to be Hausdorff, second
countable topological spaces equipped with charts and atlases, and if one is
doing differential geometry, they are taken to be €. (See, for example, [11]
and [21].) If, more particularly, one wishes them to be Riemannian manifolds,
then they are also equipped with a positive definite inner product.

It is important to notice that this first path is an intrinsic one. Manifolds
are not assumed to “sit” in any larger space, and any machinery or concepts
(differentiation, inner products, etc.) must be defined within the manifold.

On the other hand, manifolds in geometric calculus are taken to be sitting
in some vector space, and in this paper, we shall take this to be R™. This is our
second path to the theory of Riemannian manifolds: manifolds embedded in
R". Tt is a setting in which one has to always be aware of extrinsic properties.
Fortunately we know from the Nash embedding theorem, [5] and [19], that
Riemannian manifolds can always be isometrically embedded in some R", so
there is no loss of generality to this assumption.

Now here is an important distinction between the two paths:

In mathematical literature, the machinery of calculus on manifolds (tan-
gent vectors, derivatives, differentiability, etc.) is carefully constructed in
the standard setting, that is, on manifolds not embedded in an ambient R™.
(There may be exceptions where constructions are carried out in R? and R3
to build up the reader’s intuition before getting to the “real” definitions.)

I am not aware of a similar construction of such machinery for manifolds
contained in R". Presumably, one can establish the “same results” in both
settings, but there is just enough difference between the two arenas that
this is not always clear. For instance, in the standard, topological setting,
tangent vectors to a manifold are likely to be differential operators acting on
real-valued functions defined in the manifold, a construction which at first
sight appears artificial and unduly abstract. However in the R™ setting, one
can simply and naturally take tangent vectors to be particular elements of
R™.

A difficulty that arises in the literature of geometric calculus is a tendency
to slide back and forth between the intrinsic, topological setting and the R"
setting without noting the fact and to assume that what works in one arena
must work in the other. This may well be true, but the logical justification
may be missing.



For example, in [8], the displayed equation between (19.2) and (19.3) is
0=0,=1"I,*V)

where 0 is the vector derivative on a given manifold, [, is the tangent pseu-
doscalar, and V is the derivative in the ambient vector space that contains
the manifold. The left side is calculated using directional derivatives of the

form
()~ (@)

T7—0 T

where x(7) is a curve in the manifold that approaches z as 7 — 0. This
is basically an intrinsic calculation. But the right side is calculated using
directional derivatives of the form

i f@ ) — (@)

T—0 T

where v is a tangent vector to the manifold at x. Notice that in this last
expression, x +7v is not necessarily on the manifold, so we are assuming that
an extrinsic calculation gives the same result as an intrinsic one.

A second place where confusion can arise is with respect to the identity
function of a manifold. As is remarked in 4.2 of [9], “The identity function
on a manifold (which, of course, maps each point to itself) is not the trivial
function one might at first suppose.” The authors use x as the identity
function on a manifold and P as the orthogonal projection map onto the
tangent space for a manifold. They then go on to show that for an arbitrary
vector a, the directional derivative of z in the direction @ must be P(a). Now
the reader may be tempted to take a vector a which is not tangent to the
manifold, to extend z to the identity on the ambient vector space containing
the manifold, and to duplicate the calculation. He or she will not obtain
P(a). Clearly something more subtle is going on.

So here is the goal of this paper: It is to develop the basic machinery of
calculus for manifolds that are contained in R™ and to do it in a way that is
both moderately rigorous and that takes advantage of the ambient Euclidean
space. It is hoped this will be of use to workers in geometric calculus and
perhaps in other fields as well.

We make use of only the elementary machinery of multivariable calculus
in R™. This is to insure that our derivations, though rigorous, are accessible
to as many people as possible. The results we present are only very basic
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ones. They are not necessarily the most elegant, perspicuous, or concise, but
we hope they are at least correct.

There is little in this paper that ought be considered new or research,
though in the course of this work, it has been found convenient to give a
definition of manifold a little more general than the usual one. The result is
manifolds-with-corners, sometimes an infinite number of them. This is useful
in assuring we can differentiate on the boundary of a manifold. We have also
developed a particular construction of the identity function connected with
a manifold, a construction that we call the normal identity. An idea of
this sort seems implicit in the literature of geometric calculus. For both of
these concepts, we make essential use of the fact that the manifold lies in an
ambient R™.

2 The setting

2.1 Directional derivatives and differentiability

If f is a function with domain in R™ and range in R™, x is a point in dom( f),
and a is a vector in R™, then the directional derivative of f at the point x in

the direction a is
A

where it is understood that A is a scalar. (The notation a«df instead of 0, f
is often preferred for the directional derivative in the literature of geometric
calculus.)

Ouf(z) < lim

A—0

Remark 1. We will tend to use Greek letters such as A, «, ¢, ... for real
numbers and real-valued functions and latin letters such as x,y, f,... for
points in R"”, vectors, and multivector-valued functions.

Let ey, ..., ey, be the standard basis for R™, that is, e; = (0,...,1,...,0)
where the lone 1 occurs in the 7th position. Then by the partial derivative of
f with respect to the ith variable, we mean, of course,

Of  aet.
X B

d..f.



If f:U — R™ where U is an open set in R™ and r = 1,2,..., then we
say that f is a C" function or, equivalently, that it is r-times continuously
differentiable provided

af
e C)
Xiy """ OXi,
exists and is continuous for for all x € U and for all ¢,...,7,.. If fis C" for
all positive r, then we say it is C*>.

If U and V are open sets of R", we say that f: U — V is a C" diffeomor-
phism of U to V provided f is one-to-one and onto and both f and f~! are
cr.

Definition 1. If f: A — R" where A C R™, we say that f is differen-
tiable at a point z of A provided there is a (unique) linear transformation
f'(xo): R™ — R™ and a function g defined on an open neighborhood of 0
such that

f(xo+v) = f(xo) = f'(xo)v+g(v)

where f’(x¢) v means that the linear transformation f’(z) is acting on the
vector v and where
v
limM = 0.
v—0 |U|
If f is at least @' at xg, it is a standard result that it is differentiable
there. A useful relation between differentiability and directional derivatives
is the following;:

Ouf(wo) = f'(wo)v. (2)

2.2 Geometric algebra

It is not necessary for the reader to understand geometric algebra to follow
our exposition, but we say a few words here to give an idea of the arena in
which we hope these concepts and proofs will be useful. Those who wish to
learn more about geometric algebra and geometric calculus can consult, for
example, [2, 4,9, 6, 12, 13, 14, 15, 20].

We call elements of the geometric algebra multivectors, and if we refer
to f defined on M, we may implicitly have in mind a multivector-valued
function over a manifold in R™. The particular geometric algebra we tend to
have in mind is the Clifford algebra C/, o(R), though the results we discuss
should apply equally well to the Clifford algebra €/, ,(R) where p + g = n.



We recall that a basis for the geometric algebra over R™ consists of 1 and
all elements of the form e;, - - - e;, where i; < --- < i, and where we are taking
the geometric product of standard basis elements e;,,...,e; . Since {e;}7,
is a orthogonal set of vectors, these basis elements can also be written in the
form

62 DY

1 €; :eil/\---/\eik.

k

It follows that every multivector field has a unique expansion of the form

[ = Z Z ¢i1-~ik €iy - Ciy,

k=0 i1<--<ig

where each ¢;,..;, is a real-valued function. We see from this that f is Ck if
and only if each ¢;,..;, is €F. (Of course this assertion does not depend on
the use of the standard basis {e;}?_;. We could use the expansion of f in
terms of any fixed orthogonal basis {u;}} ; for R™.)

It follows from these considerations that proofs involving f defined on M
can usually be reduced to proofs that refer to real-valued functions ¢ on M.

2.3 Manifolds
A p-dimensional C¥ manifold M can be defined thus:

1. M is a second countable, Hausdorff topological space.

2. There exists a family of homeomorphisms {z,: U, — RP, a € A} (an
atlas) such that each U, is an open set of M and M = UaeaU,.

3. If z, and 3 are members of the atlas, then z, o x/glz RP — RP is a CF
map.

We will call such a manifold a standard manifold.

The maps x,, are called charts. Clearly they could be replaced by maps
Yo : RP — U,; these are usually called parametrizations or local parametriza-
tions.

For our purposes, it is more convenient to have maps that run from RP?
to M, and we shall feel free to sloppily use either of the terms chart or
parametrization for such maps.

We want to give a somewhat different description of manifold, one that
takes advantage of working in an ambient R". We want our new definition
to have the following properties:



1. Tt should include manifolds-with-corners (such as cells, diffeomorphic
images of p-dimensional rectangles).

2. We should be able to do calculus at boundary points as easily (or almost
as easily) as at interior points. In particular, we should be able to take
limits and directional derivatives.

3. Our new description should clearly give us pretty much everything that
we are already used to calling a manifold.

We will do this by constructing our definition in such a way that at every
point x( in the boundary of M, we can attach a “small tongue” to M so that
we obtain an extended manifold M’ in which z, is now an interior point. To
put this another way, we want to be able to extend a chart on the boundary
of M into the ambient R"™.

We start by revisiting the definition of a chart.

Definition 2. We say that x is a €F p-dimensional chart (or p-chart) in R®
(where k,p > 1) provided the following hold:

1. z: U — R" is a one-to-one ¥ map where U is an open set in R?.
2. /() has rank p for all ¢ty € U.

Definition 3. We say that M, a subset of R”, is a CF, p-dimensional
manifold-with-corners in R™ provided the following is true: For every zo € M,
there exists a C¥ p-chart z: U — R", a point ¢ty € U, and a nondegenerate
p-simplex P such that

l.tye PCz'(M)NU,
2. o = ZE(t(]),

3. For every open subset Uy of U, x(Uy) N M is an open subset of M in
the subspace topology that M inherits from R™.

(See Figure 1.) We say that « is a chart on M. If a point zy of M lies in
the range of a chart x, we use such language as x covers xy or xy lies in
the coordinate patch x. If there exists a simplex P satisfying condition 1 of
Definition 3 such that ¢y is an interior point of P, then we say that x( is an
interior point of M. Otherwise, we say that zq is a boundary point of M and
write x¢g € OM.



Figure 1: A chart may extend beyond the boundary of a manifold

Remark 2. Notice that if z: U — R™ is a chart on M that covers zy and
V' is an open subset of U such that ¢ty € V, then the restriction of x to V/,
x|y : V — R" is still a chart that covers x.

Remark 3. We also refer to a chart « as a coordinate patch or a (local)
parametrization of M. If xg = x(7,...,7,), then we say that x assigns z
the coordinates (74, ...,7,).

Remark 4. Rather than continually use the clumsy phrase manifold-with-
corners, we shall refer to objects in the sense of Definition 3 as manifolds.
The reader should keep in mind that is not quite the thing as the usual
definition of manifold which we have labelled a standard manifold.

How does our version of a manifold compare with the standard one?

If M is a standard, C*, p-manifold (kK > 1) and f: M — R" is a C*
embedding, then it is easily checked that f(M), the “version” of M we have
placed in R™, can be equipped with charts in our sense. Thus manifolds-
with-corners will include standard manifolds.

Here is an example to show that our concept of manifold is a bit broader
than what one might expect:

Draw a sawtooth curve with an infinite number of teeth which decrease
in size and converge to a limit point. Use this as the top of an otherwise
rectangular region M. (Figure 2.) M is readily seen to be a manifold-with-
corners in R2.

The crucial question when dealing with our new version of a manifold
is what happens when switching between charts. This is more complicated



M

Figure 2: A sawtooth “manifold-with-corners”

than on a standard manifold (because of the boundary points) but sufficiently
well-behaved that we get the usual theorems for doing calculus on manifolds.
We spell out the details of switching in Proposition 3.

3 Local description of manifolds and charts

In our first result, we show that we may think of p-charts and the manifolds
to which they are “pasted” as (locally) lying) in R? where R? is a factor of
R"™ = R? x R"P,

In all that follows, we use 0* to denote the zero vector of R*.

Proposition 1. Let x : W — R" be a C" (r > 1) p-dimensional chart in R"
where W is an open subset of RP. Suppose xo = x(tg) where xog € R™ and
to € W. Then there exist open sets U and V in R™ and a map X : U — V
such that

1. X is a C" diffeomorphism of U to V.
2. (tp,0"P) €U C W x R,

3. X(t,0"P) = x(t) for all (t,0"P) € U. An alternate way to state this
condition s

X(UNRE x 0"7)) = {a(t) : (£0"7) € U}.

4. If we further suppose that x is a chart on a C" p-manifold M, then U
and V' may be constructed in such a way that

UNX ' M) = {(t,0"?) €U : z(t) e M} C W x ("7,
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Proof. If p = n, this is simply the inverse function theorem with X being
a restriction of x and the last property of the proposition being vacuous.
Therefore let us assume p < n.

Since z is a C" chart, we know that {0.,x(to)},_; is a set of linearly
independent vectors, but it cannot be a basis for R” since p < n. We can,
without loss of generality, suppose that

{85ix(t)}f=1 U {6p+17 s ven}

is a linearly independent set (hence a basis for R") for all ¢ sufficiently close
to to. (This is equivalent to saying that the wedge product of these vectors
is nonzero.)

Let us define X : W x R"? — R" by
X(t,t") = x(t) + Tpr1€pp1 + -+ Taen = x(t) + (07, ) (3)
where t = (71,...,7,) € RP and t' = (7,41, ...,7,) € R"P. We see that

O, x(t) ifi=1,...,p,
e, ifi=p+1,...,n

Do, X (t,t") = {

These are the column vectors of det X'(¢,t’), so det X'(¢,t") # 0 for ¢ suffi-
ciently close to tg.

We can now invoke the inverse function theorem (see, for example, [10]
or [16]) and the form of X in (3) to claim that there exist open sets Uy, Vj
of R" such that

1. X is a " diffeomorphism of U, to Vg,
2. (tO,O”_p) elUy CW xR"P,

We see from (3) that X (¢,0"?) = z(t) for all (¢,0"?) € W x R"P. This
must also be true for Uy C W x R™P, so this gives us properties 1-3 in the
statement of the proposition.

To obtain property 4 of the proposition, we now “shrink” Uy:
Since Uy is open in R”, it follows that

Wo = {teW : (,007) € Up}
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is an open subset of W, and we also see that t, € W,. By Definition 3,
x(Wo) NM must be an open subset of M. Thus there must be an open subset
V1 of R™ such that ViNM = x(Wy)NM. Set V' = VyNVj; this is again an open
subset of R"™. Since x(Wy) NM C V, we have VNM = Vi NM = z(Wy) NM.
Set U = X~}(V); then U is an open subset of Uy (hence open in R"), and
xo9 € U. Properties 1-3 of the proposition hold trivially for the restricted
map X: U — V, and we see that

UNXt M) = X' (z(Wo) N M)
= XH(X(Wy x 0"P) N M)
= (Wo x 0" )N X1 (M).

It is straightforward to show that
(Wo x 0" YN X1 (M) = {(t,0"P) e U : z(t) € M},

and this yields the desired result. O]

For our next proposition, we want to show that if we have a p-manifold
lying in a ¢g-manifold which in turn lies in R™, that is, M C N C R"”, then we
may think of them as (locally) lying in the factors R? and R? = RP x R477
of R" = RP x R7P x R"74,

Before doing this, we need some auxiliary results which we state as lem-
mas.

Lemma 1. Suppose that M is a C" p-manifold in R™ and U is an open set
in R™ such that UNM # 0. Then UNM is also a C" p-manifold.

Proof. It xg € UNM, then any C" p-chart z: V' — R™ on M that covers z; is
automatically such a chart on U NM. The only part to check is the existence
of the nondegenerate p-simplex as demanded by Definition 3.

Since M is a manifold, we know there exists a nondegenerate p-simplex
P in RP such that to € P C V Na~' (M) where we have assumed z = z(to).
By the continuity of z, we know that V' Nz~!(U) is an open set in R? and
to € VNz~H(U). Let B(to, €) be the open ball in R? centered at ¢, and having
radius € > 0. We can find € so small that

to € Bltg,e) € Vnaz H(U).
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We see that the set PN B(to, €) is sufficiently simple that we can find in it a
nondegenerate p-simplex P’ such that

to € P CVNnz ' (UNM). O

Lemma 2. Suppose U and V are open sets in R™ and f: U — V s a C"
diffeomorphism (r > 1). Then f'(xo) has rank n at every xo € U.

Proof. Since f~!o f is the identity map on U, the chain rule tells us that
we have [(ffl)’(yo)} [f'(z0)]v = v where yo = f(zo) and v is any vector in
R™. Tt follows easily that if {v;}!, is an independent set of vectors, then
{[f/(x0)]vi}?—, must also be an independent set. O

Lemma 3. Suppose U and V are open sets in R™ and f: U — V is a C"
diffeomorphism (r > 1). If M is a C" p-manifold and M C U, then f(M) is

also a C" p-manifold.

Proof. Let yo € f(M). We find 2o € M such that yo = f(zo). f2: U — R”
is a chart on M that covers xg, then it is straightforward to check that foux
is a chart on f(M) that covers yo and that the requirements of Definition 3
are satisfied. (We use Lemma 2 to check the rank of (f o x)’ at all points of

U.) m
Our last lemma seems an obvious result, and we state it without proof.

Lemma 4. Suppose that M C R™ and m < n. Then M is a C" p-manifold
in R™ if and only if M x 0"~ 4s a C" p-manifold in R™ x R"™™ = R".

Proposition 2. Suppose M and N are C" (r > 1) p- and g-manifolds in
R™ M C N, and zo € M. Then there exist open sets U,V C R", a C"
diffeomorphism Z: U — V, and sqg € RP such that

1. Z(SO,O"*”) = Xy,
2. ZY(N)NU C RY x 0"9,
8. Z M) NU CRP x 0977 x 07,

Proof. By Proposition 1 applied to a €" g-chart on N that covers xg, there is
a C" diffeomorphism X : Uy — Vi, where Uy, V) are open subsets of R™ and
o € Vp, such that

X' N)NUy € R?x 0"4, (4)
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We may suppose that X (ty, 0" 7) = x.
Notice that X~1(M) N Uy must lie in R? x 0"~%. Define

7 R"=R?Ix R" 7 =3 R?

to be the projection 7(t,t’) = ¢t where t € R? and ¢’ € R"9. By Lemmas 1,
2, and 4, we know that 7 o X~ 1(V; N M) is a € p-manifold in R%.

Let w: W — R"™ be a €" p-chart on M that covers zy and assume xq =
w(sp). Set y = mo Xt ow. The appropriate domain for y is W Nw=1(Vp),
and

y(s0) = mo X Hzg) = 7(tg, 0" ) = t,.
It is straightforward to check that y is a € p-chart, y: W Nw=1(Vy) — RY,
on the manifold 7 o X~1(Vp, N M) that covers the point ,. We now apply
Proposition 1 to y and obtain the following: There exist open sets Uy, V} in
R? and a map Y such that

Y:U — Vi isa @ diffeomorphism,
Y (s0,0777) = ty,
Y (s,007P) = y(s) forall (s,0977) € Uy), (5)
UyNY ! (mo X 1 (Vo nW))
= {(5,0") € Uy : y(s) emo X (Vo nM)}.

Let Id be the identity map on R"~? and notice that Y x Id: U; x R""7 —
VixR" %is a C" diffeomorphism. The point (o, 0" 7) is common to V; x R"~4
and Uy. Set Uy = (V} x R"%) N Uy; this is a nonempty open set in R”. Now
let U= (Y x Id)"*(U) and V = X (Us). Of course U and V are open sets
of R". We now have the following diagram of maps

U Y xId U2 X Vv

I ®
m(U) —— 7(Uy) 21— W,

where Wy = w= (V) C W.
Set Z =X o (Y x Id). Then Z: U — V is a €" diffeomorphism. By (4)
and the fact that U C U,, we see that

Z7'N)NU € (Y x Id) ' (R? x 0" CR? x 0",
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This is the first of the two desired conclusions of the proposition.
Next choose (s,s1,8) € Z7{(M) N U where s € R, s; € RTP, and
s € R™ 7, We know that

(5,81,80) € Z7'(N)NU CR?x 0",
so s3 = 0" 7. Next notice that (s, s;,0"" %) € U so that we have
(s,s1) € w(U) C Uj. (7)
Now consider that
Z(s,51,0"%) = X(Y(s,51),0"%) € M

implies
(5,51) € Y lomo X 1(M).
We know from (6) that X : Uy — V, thus
X' M) = Up,n X1 (M) € X HVonM).
Therefore
(5,51) € Y 'omo X 1 (VoNM). (8)
From (7) and (8), we have

(s,s1) € N (Y lomo X H(VoNM)).

It then follows from the last condition of (5) that (s, s;) must have the form
(s,077P), that is, s; = 0977,
Therefore we have shown that Z='(M) N U C RP x 0"7. O

In standard manifold theory, it is crucial that for two charts z and y on a
C* manifold the composition 4~ oz be €*. Here it is convenient to formulate
a somewhat more complex statement.

Proposition 3. Suppose M is a C* p-manifold in R™ (k > 1) and 29 €
M. Let z: Wy — R" and y: Wi — R™ be two charts which cover xo and
xog = x(ro) = y(so). Then there exist open sets Dy and Dy in RP and a map
g: Dy — RP such that the following hold:

1. ro € Dy C Wy and so € Dy C W;.
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2. z|p, and y|p, are charts on M.
3. g is G,

4. If Ng = 27Y(M) N Dy and Ny = y~*(M) N Dy, then g: N — Ny is
one-to-one, onto, and y =x o g on Ny.

Proof. By Proposition 1, there exist open sets Uy, Uy, Vo, V1 in R™ and maps
X:Uy— Vyand Y: Uy — Vj such that the following hold:

1. X and Y are C* diffecomorphisms.
2. (7’0,0"_1”) S U() and (So,on_p> c Ul.

3. X(r,0"P) = z(r) for all (r,0"P) € Uy and Y (s,0"P) = y(s) for all
(S,On_p) c Ul.

4. UO ﬁX‘l(M) - Wo x 0P and U1 N Y_1<M) - W1 x 0"7P,

Notice that xq = x(r¢) = X (19,0 ?) € V; and similarly xo € V;. Set

V = VNV,
Uy = X HV) C U,
Us = Y V) C U,

Of course, V' is an open neighborhood of x(, and U; and Us must be open
sets in R™, neighborhoods of (79, 0" ) and (s, 0" ?) respectively. Next set
Dy = {r e R?: (r,0"P) € Uy},

D; = {s €RP: (5,0"?) € Us}.

Dy and D; are open sets in R” and are neighborhoods of ry and s respectively.

It follows that x|p, and y|p, are charts in R™ for M that cover x.
We want to show that

X(Nox 0"%) = VM = Y(Ny x 0"7P), (9)

The proof is elementary but sufficiently complicated to warrant showing the
details:

Choose X(z) € X(Ng x 0"P). We then make the following string of
deductions:

There exists 7 € Ny such that z = (r,0"7P). (10)
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r € 271 (M) N Dy by the definition of Ng. (11)
By (11), there exists x; € M such that z(r) = ;. (12)
(r,0" ) € Uy = X (V) C Uy by the definition of Dy and Us. (13)
X(z) € V and z € Uy by (10) and (13). (14)
Thus X (z) = X (r,0""?) = z(r) by the definition of Uj. (15)
By (12) and (15), X(z) = z; € M. (16)
So X(z) € V.M by (14) and (16). (17)
We have thus established X (Ny x 0"77) C V N M.

To establish containment in the other direction, we choose s € V N M
and write down a second string of deductions:

s € Vp by the definition of V. (18)
By definition of Vj, there exists z € Uy such that s = X(z).  (19)
z=X"1(s) € X }(M) by (19) and definition of s. (20)
z € Uy N X (M) by (19) and (20). (21)
By definition of Uy, we have z € Wy x 0"7P. (22)
So z = (r,0"7P) for some r € W. (23)
Then (r,0""?) = 2z € Uy by (21). (24)
By (19), (21), (24), and definition of X, s = X (z) = z(r). (25)
r € z7H(M) by (25) and definition of s. (26)
By definition of s and (25), 2 = X '(s) € X (V) = U,. (27)
From (24) and (27), (r,0""?) = z € Us. (28)
So r € Dy by (28) and definition of D. (29)
r € a1 (M) N Dy = Ny by (26), (29), and definition of N. (30)
So z = (r,0""?) € Ny x 0" " by (30). (31)
It follows from (31) that s = X (z) € X(Ny x 0"7P). (32)

We thus have VM C X (Ny x 0"7P).
The other half of (9) is shown similarly.

We now introduce the maps

m: R" =RP x R"” — R? where w(r,r') =1,
J:RP — RP x 0"77 C R" where J(r) = (r,0"P)
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and note that
z=XoJon Dy, and y=Y oJ on Dj. (33)

We now have the following maps:

Dy -5 Dy x 0"7 L Y(Dy x 077P) CY(Us) =V,

v U, I Re
We see that we can define g: D; — RP by
g=moX'oYolJ

and that this will be a C* map. Consider the restriction of g to Ny,

N -5 N s 0m D v AaM S Ny x 0P T N
and notice that this is a composition of one-to-one, onto maps. (We have
used (9).) Hence g: Ny — Ny is a one-to-one, onto map.

Finally let s € N;. Then

zog(s) = (XoJomoX oY olJ)(s) = y(s). O

4 Tangent spaces

We now define tangent spaces via an appeal to charts, so our first concern is
to show this definition does not depend on our choice of a chart.

Let M be a C* (kK > 1) p-manifold in R™ and suppose that zo € M. If
x: U — R™is a chart on M that covers xy and zo = x(rg), then we define

TM(zg,z) = {z'(ro)v : v € RP}

where z/(rg) v indicates the linear transformation x’(ry) operating on the
vector v.

Proposition 4. If z: U — R"” and y: V — R" are charts on M that cover
xg, then TM(xg, ) = TM(xo,y).
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Proof. We may assume zy = z(rg) = y(so). By Proposition 3, there exist
open sets Dy and D; in R? and a €* map ¢g: D; — RP such that

1. g: Ny — Ny in one-to-one and onto where Ny = x~1(M) N Dy and
N1 = y_l(M) N Dl,

2. 19 € Dy CU and sg € D; CV,
3. y=xo0gon Nj.

By Definition 3, there exists a nondegenerate p-simplex P such that sq €
P Cy'(M)NV. Since sy € D; and D is open, we may, if we wish, choose
P so small that P C N;.

We can choose points sy, ..., s, in P such that if v; is the vector from s to
si, then {vq,...,v,} is a linearly independent set. Since y'(so) is one-to-one,
it follows that {y’(so)v;}o_; is a basis for TM(z,y). From y = x o g on Ny,
we deduce that

y'(so)vi = 2'(ro) g'(so)vi = z'(ro) w;

where u; = ¢’(so) v;. This means that each y’(sg)v; lies in TM(zo, x), so
TM(zg,y) € TM(zp, ). Containment in the other direction holds by sym-
metry, so the result is established. O]

Remark 5. Notice that the proof Proposition 4 does not require us to pay
attention to whether x( is an interior point or boundary point of M.

We now abandon the TM(zg, ) notation for one that depends only on
M and xg:

Definition 4. By the tangent space to the C* p-manifold M (k > 1) at the
point o € M, we mean

TeeM = {z'(ro)v : v e RP}
where x: U — R™ is any chart that covers xy and z¢ = x(ry).

Proposition 5. If M is a €' p-manifold and xy € M, then T, M is a vector
space of dimension p.
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Proof. This is clearly a vector space, so we check only the dimension. Let
x: U — R" be a p-chart that covers xy. U must be an open subset of R?
and there must exist ¢, € U such that zg = z(ty). Set u; = [z'(to)]e; for
t=1,...,p. If uis a tangent vector to M at xy, that is, v € T, M, then
by Definition 4, we have u = [z/(to)]v for some v € RP. We can write v
as a linear combination of the standard basis vectors of R?, v = "7 | \e;,
so we must have u = > | A\u;. That is, every element of T,,M is a linear
combination of the u; vectors. We also know from Definition 2 that x’'(¢y)
has rank p, so {u;}!_; must be a linearly independent set of vectors, a basis
for T, M. ]

Another way to try to define tangent vectors to a manifold at a point is
by means of curves in the manifold running through the point.

Definition 5. By a curve in R", we mean a continuous map c: J — R"
where J is a nondegenerate interval in R. We say the curve is C* provided
(d¥c/dr*)(10) exists at every point 7o € J. In the case where J is a closed or
half-closed interval, then we calculate derivatives at endpoints as one-sided
limits. Thus, for example, if J = («, 5], then

dc ) = lim c(B) —C(T).

%( T~ T

c'(B) =

We say ¢ passes through zo provided there is some 7y such that xy = ¢(7).
A curve c¢ lies in a manifold M provided ¢(7) € M for all 7.

Definition 6. If M is a €* manifold (1 < k) and z is a point in M, then we
say that v is a tangent vector to M at xy generated by a curve in the manifold
provided there is a €' curve c¢: J — M satisfying zy = ¢(79) and v = ¢(79)
for some 1y € J.

This way of defining tangent vectors is, of course, equivalent to ours
except possibly at boundary points as we explain below.

Proposition 6. Let M be a C' p-manifold in R™, let x¢ be a point in M,
and let x: U — R™ be a chart covering xo. Then v is a tangent vector to M
at xo if and only if there is a C* curve c: (—e¢,¢) — z(U) such that ¢(0) = z
and ¢'(0) = v.

The proof follows easily from finding ry € U such that z(rq) = 2o and
u € RP such that z'(rg) u = v and then setting c¢(\) = z(ro + Au).
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Remark 6. If x( is an interior point of M, then by choosing ¢ sufficiently
small, we may assume the curve lies completely in M, not just in z(U).
However this may not be true if zy is a boundary point. For example, if x
is a vertex of a 2-simplex M in R? and v is a vector that points from x, out
of the 2-simplex as in Figure 3, then there may not be any curve at all in M
that generates v. In the next proposition, we show a sense in which every

v

Figure 3: A tangent vector that does not correspond to a curve in M

tangent vector to a manifold is generated by curves in the manifold, even in
the case of boundary points.

Proposition 7. Let M be a C' p-manifold in R™, let zo be a point in M, and
let x: U — R™ be a chart covering xo. If u is a tangent vector to M at xg,
then there exist tangent vectors uy, ..., u, to M at xo and scalars \y,..., A\,
such that each u; is generated by a C' curve in M and u = \juy +- -+ Aplp.

Proof. We need consider only the case where z( is a boundary point of M.
There must exist tq € U such that xo = x(fp) and a vector v € R? such that
u = [x'(to)]v. By Definition 3, there exists a nondegenerate p-simplex P in
RP such that to € P C 271(M)NU. There exist linearly independent vectors
v1,...,0, in RP with basepoint ¢, such that for all 7, we have ty + Av; € P
when A is sufficiently small. There must exist scalars A;,... A, such that
v =>" Nv. (See Figure 4.) Set u; = [z/(ty)]v; for ¢ = 1,...,p. Then
uw =" Nu;. Next let us set ¢;(\) = z(to + Av;). This defines a €' curve
in M since ty + Av; € P for A sufficiently small. Notice that ¢;(0) = o and

¢i'(0) = [x'(to)|vi = w;.

Thus each w; is generated by a curve in M. ]

We note that maps between manifolds induce a mapping of tangent vec-
tors to tangent vectors.
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Figure 4: v is a linear combination of vectors in the simplex

Proposition 8. Suppose that M and N are C' manifolds in R™ and R"
respectively and xo € M. If f: M — N is C! and u is a tangent vector to M
at xo, then O, f(xo) = [f’(xo)}u is a tangent vector to N at yo = f(xo).

Proof. Supposing M to be a p-manifold, we know from Proposition 7 that
we can find tangent vectors uy, ..., u, to M at xy and scalars Ay, ..., A, such
that each w; is generated by a €' curve ¢; lying in M and u = Y7 | Nu,.
Without loss of generality, we may assume each ¢; defined on an interval in
R that contains 0 and that 2o = ¢;(0) and u; = ¢; (0). We note that for each
i, foc;isa €' curve lying in N and that yo = f(z0) = (f 0 ¢;)(0). It follows
from Proposition 6 that the vector

v E (foe) (0) = [f'(x0)] ¢/ (0) = [f'(x0)]us

is a tangent vector to N at yy. We then conclude that

[f/(l’o)}u = [f,(xo)} (i Ai”i) = i AiV;

must be a tangent vector to N at yp. O

Remark 7. When working with a chart 2 on a manifold where the associated

coordinates are (71, ...,7,), we may prefer to use the suggestive symbolism
Ox def.
O (ZL'()) = ael'x(t(J)‘ (34)

Each (0x/07;)(z0) is of course a tangent vector to M at the point zy cor-
responding to the curve in M along which 7; increases while all the other
coordinates remain constant. The set {(0z/07;)(zo)}!_; is a basis for the
tangent space to M at xg.
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5 Two definitions of directional derivatives

Before we start on this section, we remind readers, as was pointed out in
Section 2.2, it is sufficient to suppose each function f is real-valued. Yet the
results also apply to vector-valued and multivector-valued functions.

We know what directional derivatives 0, f are in R™ from Equation (1).
However if f is defined on a manifold M in R™, then in works such as |9],
[17], or [18], directional derivatives are defined by constructing curves in M
and making use only of points in the manifold. We make this notion explicit:

Let M be a manifold in some R™ that is at least C!, let z; € M, and let
u be a tangent vector to M at zo. If AC R and y: A — M is a €' curve in
M such that y(7y) = xo and

y(r) — y(70)

lim ———— = u,
T=T0 T — Tp

then we set

Ot f (20) L im (foy)(r) = (foy) (TO).

T—70 T —1To

(35)

Of course there may be more than one way to choose the curve y, but it
follows from our next consideration that this is unimportant.

The near-equivalence of the 0, f(x¢) and Oy, f (o) is not surprising and
hinges on the fact that if y defines a curve on M passing through xy = y(7)
and u = y'(to) is a tangent vector to M, then

Ocuf(@) = (foy)(m) = f'(z0)y'(0)
= ['(xo)u = Ouf(xo)
where we appealed to Equation (2). We then have the following:

Proposition 9. Let M be a C' manifold in R™. Suppose that xo is a point
in M, u is a vector in R™, and f is a C' function on M. If u is tangent
to M at xg and the directional derivative in the sense of (35) exists, then it
also exists in the sense of (1) and

auf(xo) = 3M,uf(370)-

At interior points of M, the definitions of Equations (1) and (35) are
equivalent. However there is a problem with 0, f(xg) in case xy € OM, that
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is, in case x( is a boundary point of M. Recall that if a function is C¥ on M
(k > 1), then it must possess local C* extensions to points not in M. The
extension of f beyond M is not in general unique. So when evaluating

0uf(xo) = lim (o +Au) = f(an)

we may have different values of f(xg+ Au) depending on which extension of
f we appeal to. It turns out that if u is a tangent vector to M there is no
problem:

Proposition 10. Let M be a C' p-manifold in R™. Suppose that xo € M
and u is a tangent vector to M at xy. Let fi and fo be two C! functions on
M such that their restrictions to M agree, that is, fily = falm. Then

Oufi(wo) = Oufa(xo).

Proof. By Proposition 7, there must exist tangent vectors ui,...,u, to M
at x¢ and scalars Aq,...,\, such that u = \ju; + --- 4+ A\pu, and such that
each u; is generated by a curve ¢; lying in M. Since 0, f;(x¢) is linear in u
for j = 1,2, it follows that

af]l’o Z)‘ 8f]ac0

Then by Proposition 9, we have (&ij)(xo) = (8M7uifj)(x0). Since f1 = fo
at all points of M and the curves ¢; lie in M, it follows that (OMM fl) (xg) =
(QMM fg) (x0). Therefore,

p
0 f1 950 Z)\ aulfl fo = Z/\iajv[,uifl(xo)

ZA Oty f2(0) ZA Ou; f2(z0) = Oufa(zo). u

Because of these results, we shall have no further use for the notation
Onvuf and refer only to 0,f. However there is the annoying fact that if u
is not tangent to M at x(, then we can get different answers for 0, f(x¢)
depending on which extension of f from M we appeal to. We shall see a way
to deal with this in the section on the normal identity.
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6 When is a map between manifolds C%?

We know what it means to say f: U — R" is €% when U is an open subset
of R™. We want to extend that definition to the case f: M — N where M
and N are manifolds.

We also need to take into account the fact that there is already a way
of defining this notion for standard manifolds, a definition which does not
require the manifolds to be embedded in some R™. Therefore we give two
definitions for f: M — N being C?, one corresponding to what is usually
done for standard manifolds, the other making essential use of the fact that
the manifolds are embedded in an ambient R", and we show the equivalence
of these definitions.

We first give a version of the usual definition of a function between stan-
dard manifolds being C?. Since our manifolds-with-corners are a bit more
general than standard manifolds and our definition of charts requires an am-
bient R", this is a slight modification of the standard definition which requires
no ambient R™. It is, however, in essence, the same.

Definition 7. Suppose that f: M — N where M and N are C* manifolds
lying in R™ and R” respectively. We say that f is (M,N)-C? at xg € M
(where 0 < ¢ < k) provided the following is true: For all charts z: U — R™
and y: V — R™ on M and N respectively such that = covers xy and y covers
f(xg), there exists Uy and g: Uy — R™ such that

1. Uy is an open subset of U,
2. gis C9,
3. g(t) = (y ‘o fox)(t) for all t € U.
We say f is (M,N)-C? on M provided it is (M, N)-C? at all 2o € M.

We contrast Definition 7 with a definition of a map f: A — B between
arbitrary sets being C? which is an extension of what this would be if f were
mapping between open subsets of R™ and R™:

Definition 8. Suppose that f: A — B where A and B are sets lying in R™
and R" respectively. We say that f is C? at zp € A (where 0 < ¢) provided
the following is true: There exists an open neighborhood U of zy in R™ and a
function F': U — R" such that F'is C?on U and F(t) = f(t) forall t € UNA.
We say that f is € on A provided f is C? at all points g € A.
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We are mainly concerned to apply this definition in the case where A and
B are manifolds.

Example 1. Suppose M and N are €* manifolds lying in R" and M C N.
For example, M might be an arc in N. Let I: M — N be the inclusion map
I(x) = x. We extend I to the identity map I: R" — R" and see that by
Definition 8 the inclusion of a C* submanifold into a C* manifold must be a
C* map.

We want to show Definitions 7 and 8 are equivalent on manifolds. Here
is a convenient preliminary step:

Proposition 11. Let M be a C" p-manifold in R™, and suppose that ¢ is a
real-valued function that is (M,R)-C? on M (where 1 < q < r). Then for
every ro € M, there exist W C R™ and & : W — R such that

1. W s an open neighborhood of xo in R™,
2. @ is C1 on W,
3. ®(z) = ¢(z) for all ze MNW.

Proof. We know if we choose €9 charts x: Uy — R" and y: Vj - Ron M
and R respectively such that z covers xg, then 37! o ¢ o 2 must be € on r
where zo = x(rp). Since y is a chart that maps between subsets of R, we
know that y’ # 0 and hence y~! is C%. It follows that ¢ oz must be €7 at .
We may, without loss of generality, suppose that ¢ oz is €% on U,.

We now appeal to Proposition 1: There exist open subsets U and V' of
R™ and a map X : U — V such that

1. X is a " diffeomorphism of U to V,
2. there exists tg € dom x such that zo = X (ty,0"P),
3. X(t,0"P) = z(t) for all (t,0"P) € U,

4. for all (¢,t") € U, where t € RP and t' € R" 7, if X(t,t') € M, then
t'=0"P,

Let 7 : R™ — R? be the projection 7(¢,t’) = t. We notice that (UOXR”*”)OU
is an open neighborhood of (¢y,0""?) in R". We set

W = X[(Uy x R"?)nU],
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and we know this is an open neighborhood of x4 in R". Now define & : W —
R by
¢ = poromo X L.

This is €7 since m and X! are € and €" respectively.

We need only show that ® is a (local) C? extension of ¢. Choose z €
M N W. There exists a unique (t,t’) € U such that t € Uy, t’ € R" P, and
z = X(t,t'). Since z € M, we must have t’ = 0"7?; thus z = X (¢,0"?) =
x(t). Then

d(2) = poxomoX 1(z)
=¢oxom(t,0"P)
= ¢oux(t)
= ¢(2). O

Now here is the equivalence of Definitions 7 and 8:

Proposition 12. Suppose M and N are C* p- and g-manifolds in R™ and
R™ respectively. If we have a map f: M — N, then f is (M, N)-C" at 29 € M
(where 1 < r < k) if and only if f is C" at xo.

Proof. Suppose that f is (M, N)-C" at xo.

Let z: U —» R™ and y: V — R" be charts on M and N respectively such
that xo = x(ty) for ty € U. We know that y and y~! o f ox are C", so we
may assume fox =yoy Lo foxis C on an open neighborhood U’ of t,
where U’ C U.

We can write [ = " | ¢e; where {e;}?, is the standard basis on R"
and each ¢; is a real-valued function on M. Since foxz =) (¢; o z)e;, we
can assume each ¢; oz is a real-valued C" function on U’. Now let z: J — J’
be a C" chart on R where J and J' are open subsets of R and z covers ¢;(xo).
We know from the definition of chart that z’ # 0, so 27! is also €". Hence
27l o@¢;oxis € and it follows that ¢; is (M, R)-C.

By Proposition 11, there exists in R™ an open neighborhood W of xg
such that for all ¢ there is a real-valued C" function ®; defined on W having
the property that ®;(t) = ¢;(t) for allt € MNW. If weset FF'=> " | P;e;, it
follows that F' is a C" function on W such that F'(t) = f(¢) for allt € MNW.
Therefore f is C" at xg.

Now assume that f is C" at xg.
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Let z: U — R™ and y: V — R" be C* charts on M and N respectively
such that x covers z,. We must show that y=! o f o2 is €" on some open
neighborhood of ¢y where xy = z(ty).

We may assume that yo = f(zo) and that yo = y(s) for so € V. Since f
is C" at xp, we know there exist an open neighborhood W of xy in R™ and a
C" function F': W — R" such that F(z) = f(z) for all ze MNW.

We now appeal to Proposition 1: There exist open sets Uy, U; in R™,
open sets Vg, Vi in R”, and maps X: Uy — U; and Y: Vj — V] such that

1. X and Y are C* diffecomorphisms,
2. (to,0mP) € Uy and (sg,0"79) € V4,

3. X(t,0mP) = x(t) for all (t,0mP) € Uy and Y (s,0" ) = y(s) for all
(s,0m79) € Vp,

4. Uy X~YM) CU x 0™ and Vo N Y~L(N) C V x 0" 4.

We may assume W and Uy chosen so “small” that F(W) C Vi and X (Up) =
U, Cw.
Now set
U' = {teR: (t,0"7?) €Uy}

This is an open neighborhood of ¢y in RP. Next introduce the €* maps

T R"=RIxR"?" = R? and J:RFP - RP xR"™"?=R"

where 7 is the projection onto the factor R? and J(t)
define

(t,0m™7P). We then

g =moY 'oFoXol

Clearly g is C", and by checking domains and ranges, we see that g: U’ — R%.
We claim that g is the desired extension of y~'o f o x.
To see this, choose t € U’ Nz~ (M) and note that

FoXolJ(t) = foxz(t) € ViNN.
Then we have

Y_lofox(t) € VoﬂY_l(N) C Vo1
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so that
Y~ lo fox(t) = (50" for some (s,0"79) € VonY 1(N).
It follows that
foa(t) = Y(s,0"%) = y(s).
We see from these results that
ToY lofox(t) = s =y lofou(t).

Thus
g(t) = ytofoux(t) forallte U’ Nz (M),

and hence f is (M, N)-C" at x. O

Because of this result, we now abandon the notation (M, N)-C? and simply
talk of f: M — N being C1.

7 Diffeomorphisms and charts

Definition 9. Suppose that A and B are sets in R™ and R"™ respectively.
We say that f: A — B is a C* diffeomorphism if and only if f is one-to-one,
onto, and both f and f~! are C*.

Again we are primarily interested in the case where A and B are mani-
folds.

Example 2. Suppose ¢ is a real-valued, €* function on M = R™ and
f: R™ — R™ is defined by f(z) = (z,¢(x)), that is,
f(Xla"')Xm) - (Xla"'7Xm7¢(Xl>"'7Xm))‘

Set
N = fR™) = {(z,6(x)) : 2 € R™},
that is, N is the graph of ¢. Clearly f: M — N is one-to-one, onto, and

CF. Since f‘l(x, gb(x)) = x, we see that f~! extends to the projection map
m: R — R™ defined by

7T-(Xh s 7Xm7Xm+1> - (le S aXm)

which is € on R™*!: thus f~!is C*. Therefore f is a C* diffeomorphism of
M to N.
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Remark 8. When we talk about f~! being €, we mean some (local) exten-
sion G of f~!is C*, and it often happens, as in Example 2, that G' cannot
possibly be one-to-one; therefore it is not a true inverse of any function. To
save ourselves introducing extra functions, we shall usually not mention G.
We shall, instead, abuse notation and keep talking about f~! and (f~!)’
even when, in the back of our mind, we mean the extended function G.

Example 3. If f: M — f(M) is one-to-one and C*, this does not insure
that it is a C* diffeomorphism. To see this, let M be the half-open interval
[0,1) in R and let f: M — R? be

f(0) = cos(2m0)e; + sin(270)es.

Then f maps M to a unit circle in R? in a one-to-one > manner, however
f~! is discontinuous at the point (1,0).

Proposition 13. Every C" chart is locally a C" diffeomorphism. That is, if
x: W — R" is a p-dimensional C" (r > 1) chart in R™ and xy € W such
that xg = x(to), then there exists an open neighborhood U of to in RP such
that U CW and x: U — x(U) is a C" diffeomorphism.

Proof. We need only show that 7! has a C” extension to an open neighbor-
hood of 2y in R™.

We know by Proposition 1 that there exist open sets Uy and Vj in R” and
amap X : Uy — Vj such that

1. X is a @C" diffeomorphism of Uy to Vj.
2. (tp,0™P) € Up.
3. X(t,0"P) = z(t) for all (t,0"P?) € U,.

Let m: R" = RP x R"? — R? be the projection map 7 (¢,t") =t where t € R?
and t’ € R"P. Notice that the map 7o X~ !': Vj; — RP is C".

We have (to,0"P) € Uy, so xg = x(tg) = X(to,0"P) € Vy. Hence Vj is
an open neighborhood of zy in R™.

Set U = {t : (t,0"?) € Uy}. We see that U is an open neighborhood of
toin RP. If t € U, then (¢,0"?) € U and x(t) = X (¢,0"?) € V;. Therefore
z(U) C V.
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Let y € z(U), and set t = 27 (y). Since z(U) C V;, we can apply mo X !
to y. We see that

ToX Hy) = mo X 1o X(t,0"P) =t = z7(y).
Therefore 7o X! is a € extension ' to V. O

Proposition 14. Suppose f: M — N is a C! onto diffeomorphism where M
and N are C' manifolds. Let xq be a point in M and set yo = f(xo). Let u
and v be tangent vectors to M at xo and to N at yy respectively. Then

v = [f'(xo)]u if and only if uw = [(f7") (yo)]v. (36)

Thus f'(x0): TpeM — T, N is an isomorphism of the first tangent space onto
-1

the second one and [f'(z9)] = (f_l),(yo).
Proof. If we establish the validity of (36), then the conclusion follows from
Proposition 8.

Assume v = [f/(z0)]u.

We first consider the case where u is a tangent vector generated by a ©!
curve ¢ in M. We may suppose that o = ¢(0) and v = ¢’(0). Notice that
focmust be a € curve in N. Further, yo = f(z¢) = (f 0 ¢)(0) and

(foc)/((]) = [f/(:lfo)]cl((]) = [f’(xo)]u = 0.

That is, v is generated in N by the curve f o c. Then by Proposition 9, and
Definition 6,

This gives us one of the implications of (36) but only in the case where u is
generated by a curve in M.

In the general case, we know by Proposition 7 that we can write v =
> P Au; where each u; is generated by a curve in M. Set v; = [f’(xg)]ui.
By our first case, u; = [(f7') /(yo)}vi. Then

p

u = Z)\i[(fil)%yO)]vi = [(/7) (wo)]e.

i=1
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This completes the proof of the first implication of (36).
The second implication is obtained by a similar argument. O]

Proposition 15. A C! diffeomorphism between C' manifolds preserves di-
mension.

Proof. Let M and N be C!' p- and g-manifolds respectively and suppose
f: M — Nis a C! diffeomorphism of M onto N. Set yo = f(xg). Proposition
5 tells us that T, M and T, N have dimensions p and ¢, and by Proposition
14, f'(zo) is an isomorphism of 7,, M onto T}, N. Therefore p = q. O

& Directional derivatives and coordinates

Suppose that M is a C! p-manifold in R™ and f is a function defined on M.
It is sometimes useful to express f in terms of coordinates and then compute
derivatives with respect to those coordinates. There are two obvious sets of
coordinates in this situation:

First, there are the coordinates (x1, ..., x») attached to every point z of
R™. In this case,

of
oxi

(Xla"'7xn> = aeif(Xh"'an) (37)

where {e;}"_; is the standard basis of R™ and we are back at Equation (1)
and calculating the familiar partial derivatives of introductory calculus.
Second, if we have a ! chart 2: U — R" on M and z induces coordinates

(T1,...,7) on M, then we can ask for the derivative of f with respect to 7.
Let xg = z(ty) = z(m1,...,7,) € M. We set

8f def.

o7 (o) = e, (fox)(to) = [(foz)'(to)] e (38)

Notice that (37) is a special case of (38) if we take M to be R™ and the chart
x to be the identity map on R".

If we have a function defined on a manifold in terms of one set of coordi-
nates, then we may replace it by one expressed in the other set of coordinates.
That is, f(x1,.-.,Xs) may be replaced by g(1,...,7,) = (foz)(m,...,7),
and g(71,...,7,) may be replaced by (goz7)(x1,...,xn) Where z is our
chart. In connection with this, remember (Proposition 13) that every €"
chart is locally a C" diffeomorphism.
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Recall that in Remark 7 we defined the vector field dz/0d1; on M by

ox
8 T

(zo) = [z'(to)] e; where zo = x(tg) and ¢; € RP (39)

and {(9z/0T;) (xo)}le is a basis for the tangent space T}, M.

The reader may notice that (38) and (39) do not seem consistent notations
because the domains and ranges of f and x play different roles: The domain
of fis M while z: U — R™ where U is open in R” and ran(z) N M # 0.
We can remedy this inconsistency by assigning two different interpretations
to the symbol x. Sometimes we will continue to think of it as the chart
x: U — R"™ on M and sometimes we will think of it as the identity map
x: M — M on M.

If we wish, we can introduce a special symbol for the identity map on
M, namely I: M — M, so that part of the time we have x = I);. Notice
that the definition of (38) is applicable to In;. This raises the question, do
we have

8ZE . a]M
87'1' N 87’1‘
when x is a chart and we are using the definition of Equation (39) on the

left while I is the identity map on M and we are using the definition of
Equation (38) on the right? We answer this in the affirmative thus:

(40)

Proposition 16. Fquation (40) is valid.

Proof. Using z as a chart and remembering that xy = z(ty), we calculate
thus:

0l
aTZ- (ZL’()) = (‘361. (IM o I) (tg)

o1
= lim X [96(150 + Aej) — x(tO)]

= [z/(to)] &

ox
= 87'1- (Io) ]

This seems a reasonable point to establish a second, closely related fact
which is useful when differentiating with respect to a coordinate:
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Proposition 17. If f is a C! function on M and xq lies in the domain of f,
then
of

o, (o) = Oy f(20) = [f/(xo)} Us
where x is a C' chart on M covering xo, xo = (o), and

Ox ,
U = GTZ-(xO) = [2'(to)] es.

Proof. We call on Equations (38) and (2):

of
aTi

Appealing to the chain rule, we see that

(ZL‘()) = 861-(]00:5)(750) = [(fol'),(to)} €;.

which is the desired result. O

This trick of assigning two interpretations to x does not seem to cause
trouble in practice. See also the remarks at the end of Section 9.

We end with remarks about derivatives of functions which are expressed
in terms of the coordinates induced on a manifold.

We suppose we have a C" p-manifold M (r > 1) in R". Assume the
coordinates (7q,...,7,) are induced on M by a €" chart z: U — R™.

We know that (7q,...,7,) is a p-tuple of real numbers, the coordinates of
a point of M induced by the chart x. However we can also consider each 7;
to be a map which assigns to a point of M the ith component of its induced
coordinates. To be more precise, suppose that xy € M, that z¢ = z(to), and
that to = (701, ..., 7op). Notice that we have a well-defined function

JTOILU(T(H,...,TOP) — (7-017”-77—0;0) = T0i-

We denote this map as 7; and have 7;(zg) = 7o;. Obviously 7; = m; 0o 27!

where 7; is the projection of an ordered p-tuple to its ¢th component. Since,
by Proposition 13, 7! is locally €", the same must be true of the map ;.
We immediately deduce the following:
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Proposition 18. Assuming 7; is C1,
o, (1 ifi=j,
o, 0 ifi].
Proof. Suppose that zo = x(ty). By Equation (38), we have

oT;
o (w0) = e, (7i 0 z)(to).

, we see that 7; o x = m; and compute that

O, (T 02) (to) = (0e,mi) (to) = 0y

where 9;; is Kronecker’s delta. O

Since 7, = m; ozt

Suppose we want to talk about ¢ being a real-valued function on M
defined in terms of the induced coordinates (7y,...,7,) on M. We are led
to consider the expression ¢(ry,...,7,). Our chart maps thus: z: U — R"
where U is an open subset of RP. If we are thinking of 7,...,7, as real
numbers, then ¢(7y,...,7,) is defined on U, not on M. However we want
to think of ¢(7y,...,7,) as being defined on M; therefore we shall not think
of 71,...,7, as real numbers but instead as the corresponding coordinate
functions which are defined on M. Notice that if we do this, it makes perfect
sense to write expressions such as ¢(71, 72) = 7 sin(47y).

If we adopt this approach, we find that computing 8(¢(ﬁ, o ,Tp))/ﬁn
reduces to the sort of computations we learned in introductory calculus.
Suppose, for instance, we want to compute 8(¢(Tl, Tg))/aﬁ. Choose o € M
and suppose that o = (791, 702). Then appealing carefully to our definitions
and the fact that 7, = m; o 27!, we have

W(%) = 0., (61, 72) 0 7) (fo)
= e, (¢(m1,m3)) (to)

= ]1n(1)§ (QZ)(TOI + )\, 702) — ¢(7017702))~

A—

This last expression is exactly the introductory calculus formula for comput-
ing 0¢ (71, 72)/0m1. We see from this that if we have, for example, ¢(7, 72) =
73 sin(47,), where 71, 75 are the coordinate functions on a manifold, then

8((25(7'1,72))
on

= 377 sin(47y),
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8(05(7'1,7'2))
079

= 471} cos(4m).

9 The normal identity

If M is a manifold in R", one sometimes wishes to use calculus-type opera-
tions on the identity map I: M — M. In particular, one wants to calculate
directional derivatives. If one extends I to the identity on R"”, this can lead
to different results depending on how M is embedded in R™. Another way to
extend I—a way which we call the normal identity on M-—Tleads to results
that have a more intrinsic character and are in more accord with the behavior
of the identity map in geometric calculus.

9.1 The idea of the normal identity

Suppose that M is a €" p-manifold in R" (where r > 2). Recall that T, M
is the tangent space to M at x. By N,M, the normal space to M at z,
we shall mean the orthogonal complement to 7, M. That is, N,M is the
vector subspace of R™ consisting of those vectors v such that veu = 0 for all
u € T, M.

We then introduce the (n — p)-dimensional hyperplane H,M by

HM < {z+4v:veNM} = z+ NM.

We think of this as the hyperplane that passes through x and is orthogonal
to M at z. (See Figure 5 for the cases in R® where p =1 and p = 2.)

Figure 5: H,M for 1- and 2-manifolds
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It is now easy to explain what we want the normal identity to be: For
y € R™, provided vy is sufficiently close to M, we set

In(y) = © wheny e HM

where I is our symbol for the normal identity map associated with M. It
is clear that for x € M, we have Iy (z) = .

9.2 Construction of the normal identity

In what follows, if zy is a point in R"™ and £ is a positive number, then by
B(xzg, &) we mean the set of x € R" such that |z — zo| < £. That is, B(xo,§)
is the open ball in R™ centered at xy with radius & If £ € R? and ¢’ € R,
then B((t,t'),0) is the open ball in RP™ that is centered at (¢,t) € RP™.

Proposition 19. Suppose that M is a C" p-manifold (wherer > 2 andp > 1)
in R™ and xo € M. Then for every & > 0 there is an open neighborhood V'
in R™ of zg and a map Iy : V — V such that the following hold:

2. Forallz e VNMandy eV, In(y) =x if and only if y € VN H,M.
3. Iy s G 1L,

Remark 9. If z € V.M, then z € V N H,M so that In¢(z) = x. Thus Iy
is an extension of the identity map on M.

We also note that the map Iy is almost uniquely defined. If both the
conditions y € VN H,M and x € M are satisfied, then Iy((y) = x; that is, Iy
is unique under those conditions. However if y € V but y ¢ H,M for some
x € M-—a situation which can occur for y close to the boundary of M—then
there may be more than one choice for 1. We shall say more about this in
the proof of the proposition.

Proof of Proposition 19. If p = n, then N,M = {0} whenever x € M, and
thus H,M = {x}. If we take I to be the identity map on R™, then the
result is trivially true.

Therefore, from this point on, we assume p < n.
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Choose a C" chart x: W — R™ on M with zq = z(¢y). We know that
{0e,x(to) }i_; is a basis for T,,,M. Recalling that {e;}, is the standard basis
for R, we may suppose, without loss of generality, that

{Oex(t) iz U {eprn, - - en} (41)

is a linearly independent set (hence a basis for R™) at ¢t = t;. More than
that, by continuity, (41) must be a basis for R™ for all ¢ sufficiently close to
to.

Next construct the reciprocal frame {m;(z)}", for (41) where z = z(t).
By the definition of a reciprocal frame, this is a basis for R™ such that

{(aeix) em; fori <p,
61’]’ =

e;em; for p <4,

where ;5 is Kronecker’s delta. Of course, each m; is a function of x and thus
of t, mj = mj(z) = m;(x(t)). Since

(Oe,x)em; = 0 fori<pandj>p, (42)

we see that
{0, x(t) Yoy U {mpia(2), ... ,man(2)} (43)

must be a basis for R™ for ¢ sufficiently close to .

On an open neighborhood of the point (¢y, 0" ?), we now construct a map
Y between subsets of R". Let t = (1y,...,7,) € RP and t' = (741, ...,7,) €
R"P, Set

Y(t,t') = z(t) + mppimper(x) + - Tmy(2) (44)

where we understand that « = x(¢). Notice that xo = Y (t5,0" 7). We know
that the map z is €" and each 0.,z must be at least €"~!. Since the reciprocal
vectors m; are constructed from the vectors J.,x by an algebraic process, we
see that Y must be at least €"L.

It is straightforward to calculate that

8Y(t0’0> _ {(%x(to) ifi=1,....p

Since this is a linearly independent set and 9.,z and m; are "~ (with r > 2),
we see that det(Y’) must be nonzero for (¢,t’) sufficiently close to (to,0).
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Therefore by the inverse function theorem, there exist open sets U; and Vj
of R™ such that Y: U; — V; is a "' diffeomorphism and (¢y,0"?) € Uj.

Case 1. Let us now suppose that x( is an interior point of M and that
¢ > 01is a given value.
Because x and Y are continuous maps, there exists ¢ > 0 such that

B(tg,€) C = domain of z,
B((to,0"?) e) C Uy, (45)
Y (B((to,0"77),€)) € V1N B(xo,£).

It follows that zo € z(B(to,€)) C M. (See Figure 6 for how these open balls
relate to one another and how they map under Y'.)

B((to, 0"7), €)) Y [B((to, 0"77), €)]

/& .
, N
I
1
1
\

B(to,G)

R"7

(to,0"7)

Figure 6: Y mapping open balls

Now let

U = B((to, On—p)’ E),

V =Y().
Since U C U; and V C V;, we see that Y: U — V is still a €"~! diffeomor-
phism. Because xq is an interior point of M, z(WW) N M is an open subset of

M, and Y is continuous, we can impose a further restriction on € and require
that

VAz(W) = Y(B((to,0"7),¢)) Nx(W)

= VM (46)

We now develop the ways in which certain sets are related to one another.
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Suppose that © = z(t) where t € B(tp,e). We know that dim 7,M = p,
so dim N, M = n —p. Since my1(x), ..., my(x) are linearly independent and
orthogonal to M at =, it follows that {m;(z)}iL,,, must be a basis for N, M.
We know that H,M = x + N,M, and in (44), the definition of Y, the scalars
Tp+1, - - -, T Tange over all values of R; it follows that for ¢ held constant, we
have

Y(txR"P) = HM.

However since we have the constraint Y : U — V, the relation we really want
is

Y(UN@ExR")) = VNHM wheret € B(to,e). (47)
Next notice that

UN (R x0"7) = B((t,0""),€) N (R x 0"7) = Blto,e) x 0"F (48)

and
Y (B(to,€) x 0"7) = 2(B(to,e¢)),

hence
Y(UN (R x 0"P7) = z(B(tg, €)). (49)

From (48), we have U N (R? x 0"?) C W x 0"P, so we must have
UN(RE x 0"P) = UN (W x0"P).
By this fact and (46), we see that
Y(UN (R x 0"P)) = VM. (50)
Combining (49) and (50) gives us
z(B(to,€)) = VNM. (51)

We are now ready to define the normal identity In: V — V N M. Let
m: R" — RP be the map w(¢,t") = t. Notice that in the following diagram,
all the maps are onto:

V & U -5 Blte, €) -5 VM.

We set
Iy € zomoy !, (52)
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By construction, Iy is €', and we know from (45) that V' C B(x,£), so
the only thing we need to check is the relation of I to H,.
Choose y € V and x € V. N M. We know that

UN(txR"P) = B((ty,0"P),e) N (t x R"7P),

and this will be nonempty if and only if (¢,0"?) lies in B((to, 0"=P), 6)7 that
is, if and only if ¢t € B(to, €). Thus we can write

U= |J (Un@xRr™),

teB(to,e)

and by (47) this becomes
V= J (VnHuM).

teB(to,e)

Since the sets t x R"P are pairwise disjoint, the same must be true for the
sets V N HyyM. Thus for our y € V, there exists a unique t € B(to, €) such
that y € Hy»M. We can write this y in the form

y = x(t) + mprampr(x(t)) + -+ Tma(z(t)) = Y(¢,t)

where t' = (7p11,...,7,) € R"? is uniquely determined for y. By the
definition of I, we have Iy (y) = x(t). We see that I(y) = x if and only if
VN H, =V N Hyy. Thus Iy(y) = z if and only if y € H,.

Case 2. Suppose that xg is not an interior point of M, that it is a
boundary point. We know that we can construct a slightly larger € manifold
M* containing M such that xy is an interior point of M. We now find
an open neighborhood V of zy in R” and construct the normal identity
Lyt V. = V for MF. This will be a €"~! map and will automatically
have the properties desired for I, so we may take I+ to be our Iy.

We note that this map is not uniquely defined since there must exist an
infinite number of ways to expand M to M™. O

9.3 Properties of the normal identity

From this point on, we assume M is a C" p-manifold in R™ with » > 2.

We must not confuse [ with an orthogonal projection onto a vector
subspace. The connection with subspace orthogonal projections is this:
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Corollary 1. Let P,: R™ — T, M be the orthogonal projection map onto the
tangent space of M at the point x € M. Then

[.’M(y) = Zo implies P:co (y) = Pxo (l‘o)

Proof. By Proposition 19, if I(y) = xo, it follows that y € H,, M. From
this we see that we can write y = x¢ + v where v is orthogonal to T,,M.
Therefore

Pwo(y) = PEO(I0)+P20(U) = Pﬂco(x())‘ [

Unless we say otherwise below, we shall use P,, for the orthogonal pro-
jection map R" — T, M where M C R".

Corollary 2. If vo € M and a € R", then
8aIM(a:U) = Pxoa.

Proof. We treat xy as an interior point of M.

Define a function A from an open neighborhood of 0 in R into M by
h(A\) = Iy (zo + Aa). Since Iy is €1, we see that h defines a €"! path in
M passing through zy at A = 0. Then

. 1 /
Oub(wo) = lim < (be(o+Aa) = I(wo)) = h'(0). (53)
Since h(\) = Iy(zo + Aa), by Corollary 1, Py (h(X)) = Puoy(zo + Aa).

This amounts to h(Y) — h(0)
Py (f — a) = 0. (54)

It is straightforward to construct an orthonormal basis {u;(z)},_, for T,M
for all 2 in some neighborhood in M of zq such that z — wu;(x) is €"~'. For
such x, the orthogonal projection map is given by

p

P.(v) = Z(U'UZ(I))uz(I)

i=1
Then Equation (54) becomes

p

> {ui(h(A))- (w —a)} u; (h(N) = 0.

=1
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Using the facts that all the functions involved are "' and h’(0) is a tangent
vector to M, we let A\ — 0 and obtain h’(0) = P, (a). This gives us the
desired result. O

Given an f defined on M which is C" in terms of charts on M, we know
from Proposition 12 that we can extend f (locally) to a C" function on R™.
The normal identity gives us another way to extend an f from M to open
subsets of R".

Definition 10. Given a manifold M in R” and a function f whose domain
lies in R™, we say f is normally extended from M provided f = f o I in
neighborhoods of points of M.

Notice that if f and M are €, then the most we can hope for from fo I
is that it is € ! on an open set R".

Corollary 3. If f is a normally extended C" function on M, xq is a point
on M, a is a vector in R", and b = P,,a, then

9af(x0) = Opf(20).

Proof. This follows from Corollary 2 and

[f'(x0)]a = [f'(x0) Iy(wo)]a = [f'(w0)]b. O

It is trivially true that if we have €" manifolds where one contains the
other, M C N, then at points sufficiently close to M, we have Iy o Iy = I
It is not true in general that Iy o Iy = Iy.

One final comment concerns a matter of notation from the literature of
geometric calculus.

Given a manifold M, the symbol z is used in geometric calculus, in works
such as [9] and [20], to denote the identity function on M or an arbitrary
point of M. Its behavior is like that of our concept of the normal identity,
and this suggests the use of x as an alternate symbol for Iy.

A drawback of this practice is that we now have three ways in which we
use this small and innocent-looking symbol:

1. As a chart, x: U — R"™ on M.
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2. As a point on the manifold, z € M.

3. And now as a particular map, x = I¢: V — V acting on neighborhoods
of points of M.

There is a possibility of confusion. However in practice, the particular mean-
ing of any given z should be clear, and the resulting applications have an
appealing quality of naturalness. For example, it seems reasonably sensible
to write

Acknowledgment: Special thanks are due to Alan Macdonald for suggest-
ing the writing of this article.
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